
Benedict Equation of State : 
Application to Vapor-Liquid Equilibria 

The Benedict-Webb-Rubin equa- 
tion of state (3,.4,5,6) has been 
used extensively and successf ully 
by its authors to represent the 
P-V-T data of the hydrocarbons 
and to predict the vapor-liquid 
equilibria existing in binary and 
ternary mixtures of hydrocarbons 
(6). Sage and coworkers (8,221 
have subsequently shown the utility 
of this equation of state for hydro- 
carbons over much wider ranges of 
pressure. The equation has also 
been applied to  the nitrogen-car- 
bon monoxide system by Schiller 
and Canjar(23), who showed that 
it could satisfactorily predict va- 
por-liquid equilibria in that system. 
The latter investigation is the only 
one in systems outside the hydro- 
carbons and, as it was successful, 
the present authors decided to in- 
vestigate the possibility of a gen- 
eral application of this equation of 
state to binary systems. The nitro- 
gen-carbon monoxide system is a 
rather special case in that the two 
gases have isosteric molecules and 
consequently very similar physical 
properties. This is well illustrated 
by the similarity in the values of 
their constants in the equation of 
state. The more general system 
chosen for this work was that of 
carbon dioxide and propane, which 
have molecules differing both in 
molecular size and chemical type. 

CONSTANTS FOR CARBON 
DIOXIDE 

The method originally used by 
its authors for evaluating the con- 
stants is tedious, and a more re- 
fined technique using a statistical 
method has been developed by Sage 
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and coworkers(7), who later facili- 
tated the calculations by the use 
of B digital computing machine 
(24). Unfortunately the means t o  
make use of these better methods 
were not available for this work, 
and so recourse had to be made to 
the original method of the authors. 
The details of the methods em- 
ployed in this work are available 
in the literature(3,A). 

Ken&ll and Sage(8) have con- 
veniently tabulated the isothermals 
for carbon dioxide in the tempera- 
ture range from 40" to 460°F. and 
for pressures up to 10,000 1b.lsq.in. 
abs., and these data were used to 
evaluate the constants. For the 
vapor pressure of liquid carbon 
dioxide the extensive data of Meyer 
and Van Dusen (9) in the tempera- 
ture range from -60°F. to the 
critical temperature were used. 

The constants for  propane are 
available in the literature from 
two sources. The first source is in 
the summary of the original work 
by Benedict, Webb, and Rubin ( 5 ) ,  
in which they present values of 
the constants for twelve hydrocar- 
bons. The second source is in the 
paper by Selleck et al. ( 1  4) in which 
a different set of constants is given, 
determined by the more refined 
technique and applicable over a 
wider range of pressures; the lat- 
ter are consistent with those of 
Benedict, Webb, and Rubin up to  
pressures of about 4,000 Ib./sq.in. 
abs., but deviate increasingly at 
higher pressures. 

Since the method of Benedict, 
Webb, and Rubin was used to de- 
termine the values of the constants 
for carbon dioxide in this study, 
it was considered wiser to select 
their values. Then the two sets of 

constants used for the determina- 
tion of the vapor-liquid equilibria 
in the carbon dioxide-propane sys- 
tem would be consistent in their 
method of determination. In any 
case, in the binary system investi- 
gated the pressure does not exceed 
1,000 lb./sq.in. abs., and so the two 
sets of constants are consistent. 

The equation of state may be 
written in the following form: 

P = RTd + (B,RT - A,  - 

C,/T2)d2 + (bRT - a)d3 + aad6+ 

(1) 
Cd3 - Y d 2  - (1 + rd2) e 
d 
1 

Subsequently for purposes of com- 
paring the observed and predicted 
values, the pressure will be con- 
sidered as the dependent variable. 

Figures 1, 2, and 3 show the 
graphs from which the preliminary 
values of the constants were de- 
termined. An attempt was made to 
fit the equation to  the vapor-pres- 
sure data, but it was impossible to 
adjust the constants A,, B,, and 
C, so that the equation would rep- 
resent the data over the whole 
range from -10" to 460°F. There- 
fore, it was decided to present two 
sets of constants to obtain adequate 
representation over the whole 
range of temperatures. Set A, to 
which vapor-pressure corrections 
have been applied, is to be used for 
the calculation of vapor pressures, 
the critical point, and pressures in 
the gaseous region up to 280°F. 
Set B, the preliminary values de- 
termined from Figures 1, 2, and 
3, is t o  be used for the calculation 
of all pressures in the temperature 
range of 280" to 460°F. These con- 
stants are presented in Table 1. 
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Fig. 1. Determination of function B for Benedict-Webb-Rubin equation 
of state for carbon dioxide. 

The equation of state fits the 
P-V-T data on carbon dioxide with 
an over-all deviation in the de- 
pendent pressure variable of 0.32% 
up to densities of 0.9 mole/cu. f t .  
in the temperature range from the 
critical temperature up to 460°F. 
The maximum deviations occurred 
a t  the highest pressures along the 
isotherms close to the critical iso- 
therm. 

The equation fits the vapor-pres- 
sure data from -10°F. to the criti- 
cal temperature with an average 
deviation of 0.5'7% and predicts a 
saturated liquid density in that 
temperature range with an aver- 
age deviation of about 2.5%. A 
more detailed comparison of the 
properties of the saturated liquid 
are presented in Table 2. 

VAPOR-LIQUID EQUILIBRIA IN 
THE CARBON DXOXIDE- 
PROPANE SYSTEM 

Poettmann and Xatz(11) studied 
the phase behavior of the carbon 
dioxide-propane system, and more 
recently Reamer, Sage, and Lacey 
(12) repeated their study. Fair  

TABLE I.-vALUES OF THE CONSTANTS 
FOR CARBON DIOXIDE 

A 

0.799496 
1.69301 x 109 

1.05820 
2.91971 X109 
0.348000 
1.38400 

10322.8 

8264.46 

B 

0.719000 
1.80146 x l O Q  

1.05820 
2.91971 XlOQ 
0.348000 
1.38400 

9488.04 

8264.46 

Set A is to be used for the  calculation of 
vapor pressures and for pressures in the 
gaseous phase up to  280'F. Set B is to be 
used for the calculation of pressures in the 
gaseous phase above 280°F. 

agreement was realized between the 
two sets of data, but as i t  is be- 
lieved that the more recent work 
is more accurate, it has been se- 
lected as a basis for comparison 
with the predicted vapor-liquid 
equilibria. The comparison was 
made through the predicted and 
observed vaporization ratios, com- 
monly called K values. The ob- 
served K value was calculated from 
the equation 

(2) Y '  K j  (oh) = -3- 
xj 

At equilibrium the fugacities of 
any component in the liquid and 
vapor phases are equal; so Equa- 
tion (2) may be changed thus: 

f5l.i (3) K j ( d ~ )  = ___ 

fGj/yi 
The f ugacity coefficient fj/zj varies 
much less rapidly with the com- 
position than the fugacity itself, 
and so it is convenient to use Equa- 
tion (3)  to calculate the predicted 
values. 

It is assumed that the P-V-T 

Fig. 2. Determination of function C' 
for  Benedict-Webb-Rubin equation of 

state for carbon dioxide. 

d(l  - a d 3 )  
Fig. 3. Determination of function A" 
f o r  Benedict-Webb-Rubin equation of 

state for carbon dioxide. 

properties and vapor-liquid equilib- 
ria of any mixture of carbon 
dioxide and propane can be repre- 

TABLE  THE PROPERTIES OF SATURATED LIQUID C~RBON DIOXIDE 
Vapor pressure, Liquid density, 

Temp., Ib./sq. in. abs. Deviation, lb. moles/cu. ft. Deviation, 
OF. Cdc. Obs. % Calc. Obs. % 
85.0 1034.5 1032.2 -0.220 0.893 0.888 -0.563 
80.0 970.6 969.4 -0.124 0.972 0.983 -1.170 
50.0 652.7 652.9 +0.031 1.179 1.224 -3.676 
20.0 417.7 422.0 f1.109 1.300 1.339 -2.913 

- 10.0 255.0 257.6 +1.010 1.395 1.437 -2.923 

Critical Properties 
Calculated Observed 

Critical temperature, "R. 549.0 547.5 
Critical pressure, Ib./sq. in. abs. 1,093.2 1,069.9 
Critical density, lb. mole/cu. ft. 0.685 0.664 

Vol. 1, No. 4 A.1.Ch.E. Journal Page 453 



sented by Equation (1). The para- 
meters of this equation are  func- 
tions of the composition and the 
individual constants of the pure 
components and they may be calcu- 
lated by the relationships suggested 
by Benedict, Webb, and Rubin ( 6 ) .  
These relationships are given as 
being most suitable for  hydrocar- 
bons but, though they have some 
basis in fact, they are  largely 
empirical. It is conceivable that  a 
more suitable method of determin- 
ing these parameters for gases 
other than hydrocarbons might be 
found, but no attempt was made 
in this study. The determination 
of the fugacity coefficient for  each 

component was begun by obtaining 
by trial, liquid and vapor densities 
which would represent several pres- 
sures for the range covered by the 
isotherm under investigation. This 
was done for  the pure components 
where possible and f o r  several in- 
termediate compositions. The pur- 
pose was to obtain a scale of com- 
positions by which fugacity coeffi- 
cients might be interpolated to any 
other intermediate composition. By 
use of the values of the density so 
determined, f ugacity coefficients 
for  both phases were calculated 
from Equation (4) a t  their re- 
spective pressures and composi- 
tions. 
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Fig. 4. Criculated and observed values of K for propane. 
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RTlnfjlxj  = R T l n R T d  
r 

The fugacity coefficients in both 
phases were plotted against pres- 
sure, with composition as a further 
parameter. From this plot it was 
possible to  evaluate the fugacity 
coefficients a t  pressures and com- 
positions corresponding to  any 
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Fig. 6. Calculated and observed values of K 

for carbon dioxide. 
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given state of the system. The pre- 
dicted K values were then calcu- 
lated for three temperatures, 40°, 
loo", and 160°F. 

The graphical comparison of the 
observed and predicted K values 
given in Figures 4 and 5 shows 
that they differ markedly for  car- 
bon dioxide but less so for pro- 
pane. As might be expected, t h e  
deviations are  greatest at the low- 
est temperature. It is evident tha t  
this method gives calculated K 
values for this system which are  
outside the limits of experimental 
accuracy. 

Benedict, Webb, and Rubin(6) 
point out that  to be strictly correct 
the f ugacity coefficients should be 
evaluated a t  the calculated equilib- 
rium composition and not at t h e  
observed equilibrium composition ; 
however, this calculation is a 
lengthy trial-and-error procedure 
and was not carried out in this 
study. They further point out that  
the error introduced by this as- 
sumption is small if calculated K 
values are close to  the observed K 
values. This certainly was not the 
case fo r  carbon dioxide, and so it 
is expected that  the values will 
have an appreciable error, though 
nowhere nearly sufficient to ac- 
count for the deviations observed. 

DISCUSSION 
The deviation found between the 

observed and calculated K values 
in the propane-carbon dioxide sys- 
tem is believed to be due to the  
method of expressing the depend- 
ence of the parameters of the equa- 
tion on composition for  a mixture. 
The authors of the equation ( 6 )  
point out that  the way they sug- 
gest is the most suitable fo r  hydro- 
carbons and in such systems the 
method works extremely satisfac- 
torily. It also works in some cases 
outside the hydrocarbons (1 3 )  but 
in others ( 1 5 ) ,  including this work, 
i t  is not so successful. 

The reason for the lack of suc- 
cess in certain cases is thought to 
be caused by the increased inter- 
action of the molecules of the com- 
ponents in the  liquid phase. For 
the systems in which the equation 
works successfully, the components 
have been either hydrocarbons or  
isosteric molecules, and in neither 
case would one expect much inter- 
action in  the liquid phase. In any 
case the interaction would be simi- 
lar in both types of cases and it is 
satisfactorily represented by the 
suggested method of combining the 
individual parameters. When one 
or more of the  components is dis- 
similar in chemical character from 
the others, however, then added 

interactions come into play, which 
are not accounted for  by the pres- 
ent method, and one would hardly 
expect the equation as it stands to 
work successfully. 

This does not mean however that 
the equation must be limited to 
very special cases. Presumably the 
interactions of molecules 'in the 
liquid phase can be classified into 
various types and if tha t  is the 
case, then the possibility exists 
that  a suitable method of combin- 
ing the parameters appropriate to 
each type of interaction might be 
found. A good review of the vari- 
ous semitheoretical and empirical 
ways of combining the parameters 
which have been used is given by 
Beattie ( 2 ) .  

Another alternative which has 
been suggested by Benedict ( 2 )  for 
systems consisting of a gas, sucli 
as carbon dioxide and the hydro- 
carbons, is to correct one of the 
parameters, such as C,, for the 
mixture to bring the oberved and 
calculated K values into agreement. 
It is hoped tha t  this correction can 
then be generalized, so that  i t  may 
be predicted for  all the  hydrocar- 
bons. This method might obviously 
be extended so that the correction 
could cover a much wider range 
of gases, but owing to the extreme 
complexity of the interactions in 
the liquid phase this may not be 
possible. Stotler and Benedict ( 1 5 )  
found that they could not correlate 
the liquid-vapor equilibria for  the 
methane-nitrogen system using 
the original method, but by a suit- 
able adjustment of the parameter 
A, for  the mixture a good agree- 
ment was obtained, indicating the 
feasibility of the foregoing method. 

If either of the two methods dis- 
cussed above can be made to work 
satisfactorily, then obviously the 
utility of the Benedict equation of 
state is greatly increased. Even 
with the assistance of electronic 
digital computors, to have to study 
each system individually would be 
extremely inconvenient, and i t  is 
considered that  a thorough investi- 
gation of the preceding methods 
would be profitable. 

SUMMARY 
The Benedict equation of state 

has been applied to the prediction 
of the volumetric and phase be- 
havior of carbon dioxide. Two sets 
of constants are  presented; the 
first set predicts the vapor pressure 
and volumetric behavior in the 
temperature range from -10" up 
to 280°F.; the second set predicts 
the volumetric behavior for  tem- 
peratures between 280" and 460°F. 

The resulting equation fits the 

P-V-T data with an over-all devia- 
tion in the dependent pressure 
variable of 0.32% up to densities 
of 0.9 lb. mole/cu.ft. in the tem- 
perature range considered. The 
vapor pressures are  represented 
with an  average deviation of 0.57% 
in the temperature range from 
-10°F. to the critical temperature, 
and t h e  critical properties are  ade- 
quately represented. 

In the binary system of carbon 
dioxide and propane predicted and 
observed K values are compared at 
40°, loo", and 160°F. The agree- 
ment is poor and deviations greater 
than 100% are found for carbon 
dioxide at the lowest temperature. 
In  general the deviations are  less 
for propane than for carbon di- 
oxide. These deviations are  believed 
to be due to the method of express- 
ing the dependence of the para- 
meters of the equation on compo- 
sition. 

NOTATION 
A,, B,, C,, a, b,  c, d, u, y = coeffi- 

cients for the Benedict equa- 
tion of state 

P = pressure, Ib.lsq. inch abs. 
R = universal gas constant, (1b.l 

sq.in.) (cu.ft.) / (Ib. mole("R.) 
T = absolute temperature, O R .  

V = molal volume, cu.ft./lb. mole 
K = vaporization ratio 

LITERATURE CITED 
1. Beattie, J. A., Chem. Revs., 44, 

141 (1949). 
2. Benedict, Manson, personal com- 

munication (March 16, 1955). 
3. Benedict, Manson, G. B. Webb, 

and L. C. Rubin, J .  Chem. Phys., 
8, 334 (1940). 

419 (1)951). 

4. Zbid., 10, 747 (1942). 
5. - Chem. E n g .  Progr., 47, 

6. Zbid., 47, 449 (1951). 
7. Brough, H. W., W. G. Schlinger, 

and B. H. Sage, Znd. E n g .  Chem., 
43, 2442 ( m i j .  

8. Kendall, B. J., and B. H. Sage, 
"The Volumetric Behavior of 
Carbon Dioxide," Am. Petroleum 
Inst. Research Project 37. 

9. Meyer, C. H., and M. S. Van 
Dusen, J. Research Natl. Bur. 
Standards, 10, 381 (1933). 

10. Opfell, J. B., W. G. Schlinger, 
and B. H. Sage, Znd. E n g .  Chem., 
46, 1286 (1954). 

11. Poettmann, F. H., and D. L. Katz, 
Zoc. cit., 37, 847 (1945). 

12. Reamer, H. H., B. H. Sage, and 
W. N. Lacey, loc. cit., 43, 2515 
(1951). 

13. Schiller, F. C., and L. N. Canjar, 
Chem. E n g .  Progr. Symposium 
Ser., 49, No. 7, 67 (1953). 

14. Selleck, F. T., J. B. Opfell, and 
B. H. Sage, Znd. Eng .  Chem., 45, 
1350 (1953). 

15. Stotler, H. H., and Manson Bene- 
diet, Chem. Eng .  Progr.  Sum- 
posium Ser., 49, No. 6, 25 (1953). 

Vol. 1, No. 4 A.1.Ch.E. Journal Page 455 


